Let W denote the class of weights w for which Θ(T) tends to π/2. These weights arise as the spectral densities for stationary Gaussian processes which satisfy a certain strong mixing condition. Helson and Sarason studied the analogous class of weights on the unit circle, which correspond to discrete-time processes. In [10] and [17] they give a structual characterization of these weights as those of the from |P|V* + \ where P is a polynomial and where n and v are continuous functions on the unit circle (v denotes a harmonic conjugate of v). Since the entire functions of exponential type are related to the bounded uniformly continuous functions on R rougly in the same way as polynomials are related to continuous functions on the unit circle, it is tempting to conjecture that W is precisely the class W ι of weights w which have the form w -\B\ 2 e wΛ \ where B is an entire function of exponential type and is square-summable on R, and where u and v are in BUG, the space of bounded uniformly continuous functions on R. The class W λ is discussed in § 4. It is easy to show that TF L c W, but whether or not Wa W ± remains unanswered. A necessary and sufficient condition for a weight function in W to be in WΊ is given in Theorem 2 of that section; it is hoped that further investigation of that condition will lead to an answer. Section 6 contains some partial results in this direction. S4S 
ERIC HAYASHI
The class W* of weights for which Θ*(T) -> π/2 is taken up in § 5.
2* Some preliminaries* Let L°° denote the space of essentially bounded measurable functions on the real line, and let H°° denote the space of functions in L°° whose Poisson extensions into the upper half-plane are analytic. This section will outline some facts about the closed algebras between H°° and L°° which will be needed either in substance or for motivation in the following sections.
Let A be a closed subalgebra of L°° which contains H°°. It was shown by Marshall and Chang in [16] and [4] that A is generated by J?°° and the complex conjugates of the inner functions which are invertible in A; such algebras have been named Douglas algebras. The main algebra we will consider is H°° [e~i <B ] f the closed algebra generated by H°° and the function e' ix .
In [19] , Sarason showed that this algebra equals the algebraic sum H°° + BUC, where BUC denotes the space of bounded uniformly continuous function on R; BUC is also the C*-algebra generated by the inner functions which are invertible in H°° + BUC. It turns out that this form holds for all Douglas algebras. In [3] , Chang proved the first two parts of the following theorem which will be used in proving Theorem 5. Part (iii) was proved by Chang and Marshall in [4] . (
The role of the conjugation operator in the study of Douglas algebras is tied largely to results discovered by FeίFerman and Stein in [9] . If / is a locally integrable function and / a finite interval, we let fj = 11]- functions / in BMO are precisely those of the form / = u + v where u and v are in L°°, and that the conjugation operator is a bounded map from L°° into BMO, which is a fact we will need later.
Another important class of functions is VMO, the functions of vanishing mean oscillation. A function / in BMO is said to be in VMO if the numbers M a (f) = supuι^β |/|"M I/O) -f x \dx tend to zero as a tends to zero. It is easy to see that a uniformly continuous function in BMO belongs to VMO. It is also well known that the conjugation operator preserves certain smoothness properties of functions (see [5] ), so it is not surprising that if u and v are uniformly continuous functions in BMO, then u + v is in VMO. In [19] , Sarason proved that the converse is also true. He also showed that VMO plays an important role in the structure of H°° + BUC, namely that (H™ + BUC) n H~ + BUC = L" n VMO. In [3] 3* The class W. We shall only be considering integrable weights w which satisfy the condition that (log w)/(l + x 9 ) is integrable, so w can be expressed in the form w = \h\ 2 where h is an outer function in H 2 , the usual Hardy space for the upper half-plane (see [5, p. 83] 
To get an estimate on this last quantity, let g -e~{ u+ίu) . Then g is in H°°9 and Since this last expression tends to zero as ε -> 0, and p(w, T) is a nonincreasing function of T, it follows that lim^oo p(w, T) -0.
Suppose now that w is a weight in W. Then, if ε > 0 is given, for some positive T, there exists a function A in H°° such that Λ/Λ = e~ί Tx A e s+ίt where s and t are real functions with ||s||oo + ||ί | | oo < ε/2. Thus the inequality
-t(x)+it(x)
holds almost everywhere on i?. There is no harm in assuming that ε < π/2. This insures that Re[e t+it ] ^0 so that the last factor on the right is actually the boundary function for a function in
is a function which is analytic in the upper half-plane, positive a.e. on the real axis, and is in H m of every half-disk with diameter on the real axis. Using a fact about analytic continuation noted by Helson and Sarason (seen [14] ), we can analytically continue S across the real axis by reflection across the diameters of arbitrarily large half-disks. Thus S is an entire function. That it is of exponential type follows from a theorem of Krein which says that an entire function which is of bounded characteristic in both upper and lower half-planes is of exponential type. However, the following direct estimate obtained by Koosis in [14] is more useful:
where C is a constant independent of z. Now, since (log S)/(l + x 2 ) is summable, S can be factored as S(x) = B*(x)B ι (x) on the real axis, where B 1 is entire of exponential type at most Γ/2 and has no zeros in the upper half-plane (see [2, (1) is true. The equivalence of properties (1) and (2) and that (2) implies (3) were established by elementary methods in [19] . Property (4) is an easy consequence of property (1).
COROLLARY 2. Let w = \h\ 2 he in W. Then for every x in R, lim y^0 \(h/h)(x + iy)\ -1 {by (h/h)(z) we mean the Poίsson extension of h/h into the upper half-plane) and this convergence is uniform on bounded subsets of R.
Proof. First of all, if k is a bounded function on R, it may be extended harmonically into the upper half-plane by k(x + iy) = (P y *k)(x) where P y (t) = y/π(t 2 + y 2 ). If / and g are bounded functions on the line and / is continuous, then on every finite interval J, 
The desired inequality now follows easily for ε < 1/2. Before proving Theorem 2, it should be remarked that it is unknown whether or not condition (2) holds for all w in W. It will be shown in Lemma 6 that (2) is "almost" true for every weight w in W. This will be used to get a representation of the sort that defines the class W lf except that the entire function B will be of finite order. Next, two lemmas are given. A proof of Lemma 2 can be found in [6] here / and g range, respectively, over the unit spheres of the subspaces F o Q (F o Π P τ ) and P τ Q (F o Π P τ ) of L\R, wdx). If w is the spectral density of a stationary Gaussian process, then p*(w, T) measures something like the amount of dependence between "past" and "future" events conditional on the field generated by F Q Π P τ (see Dym and McKean [8] ). Let W* denote the class of weight functions for which p*(w, T) -• 0 as T tends to infinity. At first glance, it may seem that W is contained in W* however, this is not the case. An example is furnished at the end of this section. The weight functions in Wf) W* have a nice form which is given in the next theorem. where b is a Blaschke product for the upper half-plane whose zero sequence (zj satisfies sup_oo <a; <ooΣIπi2j \x -z n \ 2 < oo, and where u and v are real in BUC. Repeating the argument used to prove Theorem 1 shows that (4) holds since the nonreal zeros of the entire function B are determined by the zero sequence of the Blaschke product b. Conversely, suppose that (4) holds. It can be assumed without loss of generality that B has no zeros in the upper half-plane, so h/h = e iTx
[(x-i)/(x + i)]B*(x)/B(x)e
Uυ -" ) for some number T. It follows from Lemma 3 that h/h is invertible in H°° + BUC and that the first three conditions of Theorem 3 must be satisfied, so the theorem is proved. To see that W is not contained in W*, take an integrable weight of the form w(x) -\B(x)\ 2 where B is an entire function of finite exponential type which is square integrable on the real axis and has zeros with arbitrarily small (nonzero) imaginary part (see [8, p. 315 
]). Then, h/h = e~i
Tx b(x) for some number T and Blaschke product b which is not invertible in H°° + BUC. It is then true then p(w, T) -0 but w fails to belong to W*. It is interesting to contrast this with the situation for weight functions on the unit circle. If w is a nonnegative integrable function on the unit circle whose logarithm is also integrable, then, w -\h\ 2 for some outer function in H 2 of the unit circle; the numbers p(w, N) and p*(w 9 N) are defined in a corresponding way for each nonnegative integer N. Then p(w 9 N) tends to zero if and only if the function h/h belongs to the algebra H°° + C (where C denotes the space of continuous functions on the unit circle), but p*(w, N) tends to zero whenever p(w, N) does. This follows from a lemma due to Sarason (see [3, Theorem 2] ) which states that if u is a unimodular function on the unit circle and dist(u, H°°) -1 but dist(u, H°° + C) < 1, then ΰ belongs to H°° [u] . 6* Some necessary conditions for w to be in W. We begin with a lemma which shows that condition (2) in Theorem 2 is almost satisfied by any w in W. Proof. The argument used here is a refinement of one given by Axler [1] to show that every function in L°° is a quotient of a function in H°° + C and a Blaschke product, where C denotes the spece of continuous functions on JSU{°°}. To begin with, H™ + BUG can be generated by iϊ 00 
Π
Then b 2 {z) converges and so is a Blaschke product. For each n, we can write b*h n -h n -a n djb 2 where a n is a Blaschke product, and d n is a finite Blaschke product, so b n h n -ψjb 2 where ψ n is in H°° + C. Since b n h n converges to h/h in L°°, ψ n must converge to some ψ in H™ + C. Thus, h/h = τ/τ6 2 , where the zero sequence (λj of b 2 satisfies^ 7(|^|) for all x . \X Ñ ow, the Blaschke product b 2 (z) converges uniformly on compact subsets of the strip \lmz\ < 1, so the formal differentiation where s and t are in C, and
Then a is continuous on R and its modulus of continuity tends to zero at infinity, so by convolving with an appropriate member of Jackson's kernel K λ (x) -e ; .(sin xx/x)\ we get a(x) -G(x)(l + θ(x)) where G is entire of exponential type and θ is continuous on R U {^} (see [20, p. 52] ). Moreover, θ(x) -+ 0 as x->eo 9 and ||^||oo can be made arbitrarily small. Thus we write h/h = b^Gix^e 7 -^8ŵ here r, s λ and t λ are in C, and || s λ jU < π/2. Now, by the same procedure as in the proof of Theorem 1, the desired representation may be obtained.
The next theorem gives a representation for weights in W in a closed form, but falls short of being a good generalization of the Helson-Sarason theorem. THEOREM , and g is in C(w, B) . By the last lemma, we may choose / and g so that ||g||oo < π/2. Thus, e s+it = e ir+i7)+lu+tv) where r + ίr is in jff°°, and where w and v are real in C(w, B) with ||t;||oo < π/2. Now r = s -u, so e" = e^ ->^+*% i.e., e i{t~sl = e""-*. This can happen only if t -s and v -u are equal modulo 2ττ. It will be shown next that e s+t = e u+v up to a constant factor. To see this, note that you can write 0 < |fe| , where S x is entire, having the same zero set as S = J5S*: The nonreal zeros all come from 6, and the real zeros must be the same because ISj/ISJ and its reciprocal are locally in L m for δ < π/2, and the zeros have multiplicity 2. This means that S and S x can differ only by a factor of the form a e 7* Discontinuous weights in W. Examples of unbounded weights in W can be found in [12] . The following construction shows that a weight function in W can have arbitrarily wild oscillatory discontinuities. Let f n be the function defined on R by f n (x) = 1 -\x\ Vn for I a? I < 1, and f n (x) = 0 elsewhere. It is easy to check that ||/J|* < 3/w. Furthermore, the BMO norm HΊI* is invar ient under linear change of variables. Now let (rj be any sequence of real numbers which decreases strictly to zero, and let (αj be chosen so that the intervals [r n -a ny r n + a n ] are disjoint. Define the function fix) = Σ/ a J(* " O/αJ . Then / belongs to VMO and w = e f /(l + ^2) belongs to W but has an oscillatory discontinuity at 0 which can be made arbitrarily wild by the choice of (r n ).
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